Improving electronic structure calculations for practical and technologically-important materials has been a never-ending pursue. This is especially true for transition and post-transition metal oxides for which the current first-principles approaches still suffer various drawbacks. Here we present a hierarchical-hybrid functional approach built on the use of pseudopotentials. The key is to introduce a discontinuity in the exchange functional between core and valence electrons.
tion errors are spatially inhomogeneous making the homogeneous hybrid scheme ineffective.
We introduce a hybrid functional pseudopotential (PP) [19] based hierarchical-hybrid functional (HHF) approach for the electronic structure of transition and post-transition metal oxides. By using different hybrid functionals, i.e., different HF mixing parameters α c and α v , to treat the core and valence electrons of the metal elements, the approach can account for the spatial inhomogeneity of the localization errors. At (α c , α v ) = (0.75, 0.25), it simultaneously reproduces the experimental E g and E d for ZnO. More intriguing is the fact that the method, with the same (α c , α v ) = (0.75, 0.25) works for 11 other binary 3d transition and post-transition metal oxides as well, especially for Cr 2 O 3 , MnO, Fe 2 O 3 and CuO, which are also notoriously-bad examples for HSE.
A hybrid functional is obtained by mixing PBE and HF as follows
where the mixing parameter α specifies the amount of HF exchange E HF x to replace the PBE functional [20] . If α = 0, Eq. (1) is reduced to the PBE functional; if α = 1, on the other hand, it becomes 100% HF, while the correlation functional remains to be 100% PBE. When α = 0.25, it is known as the PBE0 functional [21, 22] . The widely-used HSE functional is obtained by screening off the long-range tail of HF exchange in PBE0.
Our calculations were performed using the Quantum ESPRESSO [23] with a kineticenergy cutoff of 60 Ry. All metal PPs were constructed by the OPIUM [24] code (See Supplemental Material [25] as well as Ref. 26 for details). As our focus here was on electronic structure, we used experimental lattice parameters for the oxides. For comparison, we also performed all-electron calculations using the FHI-aims code [27] . Magnetic structures used in calculations can be found in Supplemental Material [25] . Figure 1 shows the band structures of ZnO, which is used as the benchmark system in the exploration of various functional forms. Following Ref. [28] , we consider E g and E d as the two single-most important physical parameters for electronic structure. Experiment showed that E g = 3.4 eV [29] , while E d is located in the range of 7. and also indicate that a much larger amount of HF is required to correct E d than what is desired to correct E g .
In the current implementation of the hybrid functional approaches, a same amount, e.g., 25% of HF [21] has been used in HSE throughout. This amounts to a mapping of the orbital-dependent localization error of the DFT onto a spatially homogeneous reference system. Such a single-parameter treatment seems to be fine when the inhomogeneity of the errors is not significant, as in the sp systems. However, the d-electron states inherently possess a larger DFT localization error than the sp-electron states, and it is physically as important as the sp-electron for transition and post-transition metal oxides [28] . In such a case, it is clear that a single-parameter treatment is insufficient. At least two parameters are needed to mix the exact exchange, respectively, for the sp-and d-electrons. Our simple argument here not only applies to ZnO but also corroborates with the fact that HSE performed inadequately for transition and post-transition metal oxides [17, 18] .
The challenge is, however, how to perform such a two-parameter calculation efficiently. This can be done by using the PP approach where the mixing parameters for the core and valence electrons are independently adjusted to accommodate the large spatial inhomogeneity between the d and sp orbitals. Let us consider first the simple case in Fig. 1(f) where HF PPs [19, 26, 37, 38] Fig. 1(b) ] are opposite to those of 12-val. case [ Fig. 1(g) ]. The last point is particularly important as it suggests that a simultaneous correction of E g and E d can be achieved if one develop a 12-val. hybrid functional PP [19] , instead of the HF PP. This is indeed the case as illustrated in Fig. 1 should be in the range of (0.23, 0.47) [See Fig. 2(a) ]. To obtain the experimental E d , α c should be in the range of (0.43, 0.81). It is interesting to note that simultaneous corrections of E g and E d are obtained for α v ∼ 0.25, which is deduced from perturbation theory [21] .
In this case the α c is about 0.75. This pair of values, namely, (α c , α v ) = (0.75, 0.25), is indicated in Fig. 2 by the black stars. Figure 1(h) shows the corresponding band structure.
Using the black diagonal lines α v = α c = α in Fig. 2 , one can understand the inadequacy of the single α hybrid scheme more clearly [39] . The line intersects with experimental E g at α = 0.35. To intersect with the experimentally-determined E d , however, α would have to be equal to or larger than 0.51. This disparity effectively characterizes the differences in the localization errors of the sp-and d-electrons. The difference of 0.16 (= 0.51 -0.35) is significant, which implies that the inhomogeneity of the localization errors cannot be ignored. For instance, when the correction for the sp-electrons is adequate, that for the d-electrons will be too small, leading to a too high E d . By contrast, the HHF approach with two parameters α c and α v retains the adequate degrees of freedom to minimize the localization errors for both sp-and d-electrons. Although the α c here does not directly affect the sp-or d-electrons in the outmost atomic shells, it affects the arrangement of the energy levels inside the core, subsequently the effective core−valence interactions. As such, the energies of the valence electrons are affected too. In such a real-space hybrid approach, α c affects more the states closer to the nucleus, while α v affects more the states that are spatially extended. They work together to produce adequate E g and E d .
Assuming that the localization errors are material-insensitive but orbital-sensitive as discussed here, the optimized (α c , α v ) in ZnO, namely, (0.75, 0.25), should also apply to other 3d transition and post-transition metal oxides. As a test, we fix these parameters at the values of ZnO and calculate E g for 11 additional 3d transition and post-transition metal binary oxides. Figure 3 compares the errors of the current approach and standard HSE with α = 0.25 (For more details, see Table S2 of the Supplemental Material [25] ), which are calculated using available experimental data as the reference. The mean absolute error and relative error of HHF are 0.30 eV and 14.0%, respectively, while those from HSE are 0.72 eV and 33.1%. Clearly, the HHF approach shows a noticeable systematic improvement over HSE.
It is instructive to analyze the trends in Fig. 3 . For example, a similar performance between HHF and HSE is obtained for Ti. Going to V and Cr, the errors of HHF decrease Here, the average values of 3.9 and 4.0 eV are used, respectively (See Table S2 of the Supplemental Material [25] ).
when compared to HSE. The same is true for Mn and Fe. For the late-and post-transition metals, the performance of HHF is even more remarkable. For CuO and ZnO (the two notorious cases of binary metal oxides), the absolute HHF errors are less than 0.1 eV, versus +1.4 and −1.0 eV of HSE, respectively. This chemical trend is expected to hold for other post-transition metal d 0 systems such as GaAs as its d orbitals are also fully occupied. In general, HHF performs consistently better than HSE. The worst case is CoO [55] . Even here, however, the HHF error of +0.6 eV is only slightly larger than the HSE error of −0.4 eV.
Another observation is that hybrid functional PPs [19] exhibit a remarkable transferability when multi-valency is involved, as evidenced in the results of V, Fe and Cu systems. This is not the case for HSE, as very different errors due to valency change appear unavoidably, e.g., −0.2 versus +1.4 eV for Cu 2 O and CuO respectively.
One can also look at the results in Fig. 3 from a different perspective. Because the standard HSE ignores the orbital difference, to fit experimental E g requires a system-dependent α for different sp-d mixed compounds. In contrast, the HHF approach eliminates such an E g dependence on α by capturing the error inhomogeneity with two mixing parameters.
As it turns out, not only the sp states, but also the 3d states can be properly corrected.
Interestingly, when the d states are empty, the HHF result approaches that of HSE, as in the case of TiO 2 in Fig. 3 . The same is expected for alkali-metal and alkali-earth-metal oxides.
For partially-occupied d states, however, one has to take into account the following: Figure 4 selectively shows the band structures of MnO and CuO. It is interesting to note that here HHF and HSE produce very similar band dispersions, except for E g . Noticeably, HHF increases E g for MnO but decreases E g for CuO. Thus, despite its simplicity, HHF should have captured the essential physics of transition and post transition-metal oxides.
In summary, the origin why the conventional hybrid functional calculations fail for transition and post-transition metal oxides is identified as its inability to characterize the orbitaldependent localization errors. We develop a PP-based HHF approach by introducing a discontinuity between the core and valence regions to compensate the different localization errors between the sp-and d-electrons at the same time. We show that the PP-based HHF approach improves the E g and 
